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Abstract 

Amputation of external legs is carried out explicitly for the conformal invariant 
three-point function involving two spinors and one vector field. Our results are con- 
sistent with the general result that amputing an external leg in a conformal invariant 
Green function replaces a field by its conformal partner in the Green function. A 
star-triangle relation involving two spinors and one vector field, with general values 
of the scale dimensions, is derived and used for the calculation. 
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1 Introduction 



This work is concerned with the amputation of external legs in conformal invariant Green 
functions in Euclidean space with general number of dimensions. Various aspects of CFT 
(conformal field theory) in D dimensions have been reviewed in Refs. pQ, [2] and [3]. We 
consider conformal invariant Green functions involving spinors and vector fields, which are 
relevant for the infrared limit of massless QED 3 [U |5], and for conformal QED 4 [6j [7]. 
Some other areas which use D-dimensional CFT's with fields of non-zero spin are Af = 4 
super symmetric Yang-Mills theory and unparticle physics [HIEj. 

Conformal invariant Green functions have the external legs included, but amputed Green 
functions are easier to calculate. This provides the motivation for studying amputation. 
Moreover, the conformal partial wave expansion [H [2J, [3J, [TOj [EE] involves amputed Green 
function. This expansion expresses the contribution of the various quasi-primary fields to 
the product of two field operators at arbitrary separation. From this, one can find the 
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contributions of the quasi-primary fields to the four-point function. A recent work which 
uses the conformal partial wave expansion and the amputed three-point function is Ref. [9]. 

Moreover, the techniques of calculation developed in this paper can be useful in other 
areas which involve evaluation of massless Feynman integrals, like M = 4 Yang-Mills theory 
[12J. The star-triangle relation involving scalar fields [TBI [14"] (referred to as the D'EPP 
formula in Ref. [9]) has wide-ranging applications: see Ref. [15J and references therein. In 
this work, we have derived an analogous relation, involving two spinors and one vector field. 

Formally, amputation of an external leg in a Green function in .D-dimensional CFT 
replaces a field of scale dimension d by its conformal partner, having scale dimension D — d 
[H El [31 dO, EH]. However, only an explicit calculation can determine the coefficient which 
comes with the amputed Green function. The case of non-zero spin is more involved, as 
there are more than one invariant structures for a given Green function. A known example 
is the massless Yukawa theory |TJ. But we will find that the case involving spinors and 
vector field is much more complicated. For some of the calculations involved, the use of the 
star-triangle relation derived by us is essential. 

The paper is organized as follows. In Sec. [2] we introduce amputed Green function in 
CFT through the example of massless scalar field theory. In Sec. [3], we introduce amputation 
of spinor leg through massless Yukawa field theory. In Sec. HI we give the structures Ci M 
and C 2fl of the conformal spinor-spinor-vector Green function and state how spinor leg 
amputation for these structures turns out to be different from the Yukawa case. The star- 
triangle relation with two spinors and one vector field is derived in Sec. EJ Spinor leg 
amputation of and C 2fl is carried out in Sees. [6] and [71 A check of these results is 
performed by spinor leg amputation in the transverse Green function of the current in Sec. 
EJ Vector leg amputation of and C 2fl is carried out in Sec. M In Sec. [101 we present our 
conclusions. 



2 Amputation in scalar field theory 

In this section, we explain the aim of our work by reviewing the simplest example of scalar 
field theory. The two-point function and its inverse for a conformal scalar of scale dimension 
d are given by 

d[ U) ~ (x 2 12 ) d ' Ud[Xu) - N T(D/2-d)T(d-D/2) (x 2 12 ) D ~ d [ ) 

where x a b = x a — xt> and N is an arbitrary constant. Together they satisfy 

J d D x 2 G d (x 12 )Gf(x 23 ) = J d D x 2 G d \x l2 )G d (x 23 ) = 6^ D \x 13 ) . (2) 

Thus, G^ 1 is the two-point function of a scalar field of scale dimension D — d. In Appendix 
|A~1 we indicate how to arrive at G^ 1 from G d - A field of the same spin but of scale dimension 
D—d is called the conformal partner [3] or shadow operator [IU] of the field of scale dimension 
d. Both these fields have the same set of values for the Casimir operators of the conformal 
group. 
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Consider next a three-point function {4>d{xi)<j>i(x2)4> 'A (^3)) of three scalar fields of scale 
dimensions d, I and A. The three-point function with the 0<rleg amputated is defined by 



((f>d(xi)<f>i(x 2 )(f)A(x3)) = J d D y G d (xx - y) (4>d(y)<f>i( x 2)<t> a(%3)) , (3) 
with" on a field denoting amputation. Using Eq. (jSJ), this definition can also be written as 

d D Xi G^ 1 (x 4 l)((f)d(xi)(f)l(x2)(f)A(x3)} = (4>d(x4)M x 2)4>A(x3)} • (4) 



Next, using the conformal transformation properties of the left-hand side of Eq. (j3J), it can 
be shown that the amputed three-point function is again a three-point function but with (ftd 
replaced by its conformal partner. [See Ref . j3] ; in Appendix [B] of the present work, we 
extend the demonstration to spinor and vector field.] Thus, 

d D X X G' d 1 (jC4i) {(j> d {Xi)(j>i {x 2 )(j>^{Xz)) ~ (0D-d(^4)0/(^2)0A(^3)) , (5) 

where ~ means upto some coefficient. Now, the structure of (4>d(xi)(t>i(x2)4>A{x 3 )) is known 
in CFT: it is given by 

C d ' lA {x 1 X 2 X 3 ) = d+l _ A d+A-l J+A-d ■ ( 6 ) 
x 12 x 13 x 23 

The non-trivial part in determining the coefficient on the right-hand side of Eq. (jSJ) is 
therefore the evaluation of the integral / d D X\ (x^ 4 )~^ D ~' d ^C d ' l ' A (xiX2X3). This can be done 
by using the star-triangle relation of Eq. (|69l) . We then find that 



J d D x x Gf(x 41 )C d ^ l ' A \ 



xix 2 x 3 ) 



n- D / 2 T{d)T{ D - d 2 l+A )T{ D - d - A+l ) 

n r(f - d)r(^fc^)r(^±f^) 

xC^ A ( W3 ), (7) 



where G^ 1 is given in Eq. ([T]). [Let us note that that Eq. (2.11) of Ref. [9] can be reproduced 
from our Eq. ([7j) by relabelling the scale dimensions and the coordinates appropriately] The 
aim of the present work is to derive similar amputation equations for the spinor- spinor- 
vector Green function which is relevant to QED. 



3 Amputation of spinor leg 

The fermion two-point function (ipd{xi)ipd{x2) and its inverse in CFT are given by 

#12 



S d (x 12 ) = N 



( x 2 2 )d+l/2 



o-i, T x vr-^ T(d+l/2)T(D-d+l/2) fa 

d { 12) N T{D/2-d+l/2)T{d-D/2 + l/2) {x 2 12 ) D - d+1/2 

which satisfy Eq. (j2J) with Gd replaced by Sd (see Appendix IA~j) . Here is again an 
arbitrary constant. It will be instructive to first consider the Yukawa (-tp^ipcj)) theory (D 
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is even and 75 = i D//2 7i7 2 • • • 7d)- There are two conformal- invariant structures [3] for 

° + l^i^sj - d _i +A +l 75 /_d+A+l ,J+d-A ' W 
x 13 x 23 x 12 

x 12 x 13 x 23 

with 756+75 = ±C±. Corresponding to Eq. (J7J), we now have 

y d D xi Sj 1 (xn) C±'' A (xix 2 X3) = K±C^~ d ' l ' A (x4 : X2Xs) (11) 
J d D x 2 C^ l ' A (x 1 x 2 x 3 )Sf 1 (x 25 ) = if±<7^' D ~ /,A (£1X5X3) (12) 

the integrals being evaluated by using the star-triangle relation for the Yukawa theory given 
in Eq. ( J7T1) . Here S^ 1 and Sf 1 are as given in Eq. (jHJ), and 



A 4 



A' 



7T 



-D/2 r(d+ l )r( g-d+t-A+l )r( g-d-Z+A ; 



iv r(f - d + i)r(^± A ±i)r(^ A ; 
r(d + |)r( D -^- A )r( D - d -' +A+1 ) 



at r(f - d + i)r(^)r(^±i) ' 

A; = -A + |^, Ai = -A~_| d ^. (13) 

For the case D = 4, these results are given in a different form in Appendix 6 of Ref. pQ. It 
may be noted that amputation again replaces d by D — d (or I by D — I) in Eqs. ( TlTl) and 
(TT2"j) in accordance with the general result. An additional feature is that C + goes over to 
C_ and vice versa in these equations. This is consistent with the counting of the number 
of gamma matrices on each side of Eq. (fTTl) and Eq. ffl2l . The point is that we must 
have either odd or even number of gamma matrices on each side of an equation (since the 
product of odd (even) number of gamma matrices has a zero (non-zero) trace for even D). 
That amputation of one spinor leg gives back a standard structure is a special feature of 
the Yukawa theory. We will see that this feature is not present when we have a vector field 
coupling to the spinors. 



4 Spinor-spinor-vector Green function 

The Green function (^ rf (xi)^(x 2 )$ A (x3)) has two conformal invariant structures 

r d,l,A( \ _ ^137^32 , x 

^1// l x l x 2 x 3j — d+l-A d-l+A+1 „l-d+ A+l ' ^ i4 / 
x 12 x 13 x 23 

fid,l,A/ \ $12 ( x 13^ Z23/J \ /-. r\ 

^ \,XlX 2 X 3 ) d+l-A+2 d-l+A+ll-d+A-1 d-l+A-1 l-d+A+1 ) y i0 ) 

x 12 \ x 13 x 23 x 13 x 23 / 

= d+l-A+2 d-l+A-1 l-d+A-1 ^ff( x l x 2) , (16) 
x 12 x 13 x 23 
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where 



A?(*!* a ) = ^-^. (17) 

x 13 x 23 

To ampute ipd (say), we have to proceed as in Eq. (ITTj) . But we will now come across an 
important difference: the amputation of one spinor leg will not give back either or C 2tl 
(or a linear combination of them). At least for even D, this can be understood from the 
fact that each f d D x l (fai/(x 2 u ) D - d+1/2 )C^ (with i = 1,2) is a product of even number of 
gamma matrices, while both tHM and (fl5l) have odd number of gamma matrices. In order 
to be consistent with the general result, the structures resulting from amputing ipd will 
still be conformal invariant with the expected values of scale dimensions (i.e. D — d, I and 
A). [We explicitly check the conformal invariance of such structures are in Appendix Q] 
But these structures are non-standard in the sense that they do not have any symmetry 
under the interchange of the two fermions and hermitian conjugation. [On the other hand, 
the standard structures in Eqs. fTH|) and ffT5]) , and also those in Eqs. Q) and ffTOj) . are 
invariant when x\ <-> x 2 , d <-> I and hermitian conjugation are performed together. Recall 
that the Euclidean gamma matrices are all hermitian.] However, when both ip^ and tpi are 
amputated, we get back linear combinations of and C 2fl : see Sees. Eland [71 



5 A star-triangle relation with two spinors and one 
vector field 

The star-triangle relation which we are going to prove, and which will be later used for 
amputing C^' A , is: 



/ 



,i) pU _ ^42 fiV(£34) 



^ X ± I 9 \A, 1 1 /9 7^ 



(x? 4 )*i+i/2 ' v (a;2 4 )* 2 +i/2 (^^3 
^ D/2 r(D/2 - 5i + l/2)T(D/2 -82+ l/2)T(D/2 - 6 3 ) 
T(5 1 + 1/2)V(5 2 + l/2)r(5 3 + 1) 

_ n ^37^32 

V {xl 2 ) D l 2 -^{xl z ) D l 2 ^+ l l 2 {xl z ) D / 2 -^+ 1 / 2 

+ (D- 25 3 ) ^2^0/2-53+1^2^^/2-52-1/2^^/2-^-1/2 V ( X l X ^ ( 18 ) 

where Eq. ( I70|) holds. The vector field has the propagator corresponding to scale dimension 
5 3 (see Eq. §9$) with 

9»v(x)=5»„-2^. (19) 

Eq. (Tl8l) can be viewed as a generalization of the more familiar star-triangle relations given 
by Eqs. (1691) and (TTTT) . as follows. The left-hand side of Eq. ([18]) represents the propagation of 
two conformal spinors and one conformal vector field from the external points x a (a = 1, 2, 3) 
to the internal vertex 24 with an interaction j v . The right-hand side is a linear combination 
of the two available structures (fill) and (fl5l) . 
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A check for Eq. (TT8|) can be performed for the case £3 = 1. In this case, the vector field 
propagator on the left-hand side is g ^{xza) I x %i = d% 3 d" In |x 34 |, that is, longitudinal in x 3 . 
On the right-hand side, only the second term remains, and this term is also longitudinal 
in x 3 as follows. Since Eq. now gives D/2 - Si - 1/2 = -(D/2 - 5 2 - 1/2) = n/2 
(say), the coordinate x% now occurs in the combination (xi3/a;23) n A^ 3 (a;iX2), which equals 

The vector field propagator in Eq. (|18p is invariant under the standard transformation 
law for a conformal vector. A relation previously derived in Refs. [16] and [17] also involved 
two spinors and one vector field, but had a covariant gauge propagator. It is the relation 
( TrSjl above, which will be necessary for the amputation of the spinor leg and also the vector 



leg in the structure Ci^' A . Another difference is that here we have completely general values 
for the scale dimensions Si, S 2 and S 3 ] this will also be necessary for the present purpose. 
However, the derivation of Eq. (Q2|), which is to be presented now, will be along the same 
lines as followed in Refs. Fffjtf and J77| /. 

We are thus going to use the operator algebraic method due to Isaev [T5] which reduces 
Feynman integrals to products of position and momentum operators cji and pi taken between 
position eigenstates. As explained in Sec. 2 of Ref. [16], this method involves starting from 
the u pqp" form and passing to the u qpq" form. In our case, the idea is to split the left-hand 
side of Eq. ( Tl8l) into a longitudinal part and a transverse part, and tackle them as in Sec. 
4 of Ref. [16] and Sec. 2 of Ref. [T7_] respectively. In view of the general values of the scale 
dimensions, the starting u pqp" forms are somewhat different from that in these references. 
The starting forms are 

tfr* = (TAT^Ap-^-^pg- 2 ^^ 1 ^^^)^^, (20) 

rj = (TAWxP-^^r^-y^^-^r 2 ). (21) 

[These are, however, quite similar to the u pqp" form for the three-point function of the 
Yukawa theory: see Eq. (5) of Ref. [16].] To determine the proportion in which rj^ ng and 
r^ r are to be taken, we use the relation 

9^{x) _n-2 ( (s . d^d v \ i 2D -n-2 d^d^ 1 .^ 2 \ 



r" n \ x ' O" ' n — 'l d 2 ) r 

[This formula can be derived by first evaluating dfj,d v (l/r n ~ 2 ), and hence d 2 (l/r n ~ 2 ). Here 
r = y/XfiXti-} Since p~ 2/3 in Eqs. fl20|) and (1211 goes as r"^" 2 ^ in position space, we need 
to consider the case n = D — 2(3 in Eq. fl22|) . Thus we have to start with the u pqp" form 

n _i_ or — 

r, = rj + D _ 2(3 _ 2 T T Z ■ (23) 

Next, we have to express the position-space matrix elements (that is, between (x\ and 
\y)) of the right-hand sides of Eqs. ( 1201) and ( 12TT) in terms of the matrix elements of pxp" 20 ' 1 , 
p~ 2/3 a.iad p u pnP~ 2 from the Appendix of Ref. [16] (see Eqs. (14) and (15) of Ref. [16J). Then 
we can write down the matrix element of the right-hand side of Eq. (|23|) using Eq. (122]) for 
n = D — 2f3. This leads to 

iTp/2 - a + l/2)r(D/2 -13+1) 



7r D 2 2a+2p-i( D _ 2f3 _ 2 )r(« + l/2)r(/3) 
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[ d D z til 7 t 9 - g) m 

J \x — z\ D ~ 2a+1 | z |2(a+/3)+l ly _ z \D-2/3 ' V > 

On the other hand, we can put Y ^ in the u qpq" form and then take the matrix element. 
This involves a long calculation, given in Appendix [D], and leads to 

iT(D/2 -a- /3 + 1/2) x 2 ($ - + D _%_ 2 ((x - yfy^ + y 2 (x - y)^ 

\ X \ AV) ~ 7r B/2 2 2a+2/3 r ( a + /5+1 /2) ^2/3+2^ _ y |D- 2a -2/3+l y 2a+l \ > 

The right-hand sides of Eqs. (121)1 and (125)) are now to be equated. After that, we let 
x = x\ — x 2 and y = x 3 — x 2 , and also change to a new integration variable x 4 defined by 
z = X4 — x%. We also define 5\, 62 and 63 by D/2 — a — S\, a + ft — 62 and D/2 — (3 = 63. 
This leads us to the relation given in Eq. (ITS)) . 



6 Spinor leg amputation in ( 

In this Section and the next, we are going to evaluate 

J d D Xl d D x 2 ^£^ C^' A (x 1 x 2 x 3 ) ^Jd-i+i/2 > 2 = X ' 2 - ( 26 ) 

The integration over x\ amputes ipd(xi), while that over X2 amputes ^(a^)- 

We consider Ci M in this Section. From Eqs. ( 126)) and ( ITTj) . we see that the xi integration 
can be done by using the star-triangle relation of Eq. (1711) . The integration over x 2 then 
involves 

#237/^32 = a;237^( X 23) • (27) 

Consequently, this integral is of the form 

^42 ^25 5W( X 23) 

-d+Z-A+l^W™ 2 \D-l+l/2 „<*+< 
X 2A 1 X 25J ^23 

which can be evaluated by using the star-triangle relation of Eq. (ITS)) . We thus get 

J d D x 1 d D x 2 Sj 1 (x 41 ) C^ A {x 1 x 2 X3) Sf l (x 25 ) 
= F(d, I, A) x (d + I - A) ( d + Z + A 2 ~ D ~ 2 ^ D -'- A (x 4 x 5 x 3 ) 

iD-d,D-l,A, 



f jD ^42 ^25 fi f ^( X 23) 



+ (2D _ d _ / _ A)C 2 7 a ^^(x 4 x 5 x 3 )J (29) 
where S^ 1 and ST -1 are as in Eq. (jSJ), and the coefficient F(d, I, A) is given by 

F(d j A) = ^l ^ + |)r(H|)r(H M )r(^) m) 

* ^ ^ 2^ r(f - d + i)r(f - i + i ) r(^A+2 ) r( ^+A-^+2 ) • ^ 
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7 Spinor leg amputation in ( 

Using Eq. ( |T5l) . we write down the integral ( |26i) for C 2fl in full. There are two terms. On 
interchanging the integration variables x\, x 2 in the second term, we find that the integral 
under consideration is 

fcil ^12 1 )^25 

'™2 \D-d+l/2 „d+Z-A+2 „<Z-Z+A+1 „2-d+A-l 2 \D-Z+l/2 

+ ^hermitian conjugate, x 4 «-> x 5 , d <-> (31) 



Let us evaluate the first term in (131]) . First we perform the 22 integration using Eq. (jTT 
Then the remaining xi integral is of the form 



,/) /l i.> 1 



0? X\ 



2{D-d)+l d+l+A-D+2 D+d-l-A+l 
X 1A X 13 2-15 

1 // 1 d d_ T \, 9 \ 

where 

/ = Jd D X! 2 (D-d)-l d+ l + A-DD+d-l-A+l " ^ 

x 14 x 13 x 15 

The right-hand side of Eq. ( 132]) is obtained by writing ^13 = ^ 43 — ^41 on the left-hand side. 
Now / can be evaluated by using Eq. ( 169]) . After some algebra, the first term in ( 13TI) is 
found to be 



((/ - d + A - l)x| 5 x 3 4 M + (2d — D + l)x 2 u x 35lI ) ^ + ^-i'-a ^I^ 

\ / 45 



Z— d+A+1 cZ— Z+A+l 2D— d— Z— A 
X 34 x 35 X 45 



35 

(34) 



multiplied with a coefficient which is symmetric in (i and /. Then adding the second term 
in (13T|) . we finally arrive at 



y d D x 1 d D x 2 S d 1 (x 41 ) C^ix^xs) S l l (x 25 ) 
F(d,l,A) x f (A - l)C?- d > D - lA (x A x 5 x 3 ) 



+ (2D - d - I - A)(d + t - A - D + 2) a D-,D-z,A ( ^ 3) | (35) 



where the coefficient F(d,l,A) is given by Eq. (|30l) . 

8 Spinor leg amputation in Green function of current 

We consider this case for checking the results of Sees. [6] and [71 The current has the scale 
dimension D — 1. It can be checked that 

9 wZ,<f,D-l/ \ ^ ^d.d.D-1/ x 27T D / 2 ^ 12 

-Ci'* (XiX 2 X 3 ) = C 2 ' {XiX 2 X 3 ) = - (b(Xi3) - 0(X23))^TTT , (36) 
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which is the Ward identity in position space. So the transverse spinor-spinor-current Green 
function is 



{ipd{xi)ipd{x2)j^(x 3 )) ~ Cff D 1 {x x x 2 x 3 ) - C 2 ^ D 1 {x 1 x 2 x 3 ) . (37) 

Now from Eq. (|26l) . we see that d/dx 3fl commutes with the operation of amputation. Thus, 
the combination in Eq. (3l\ ) should continue to be of the form — C 2fl after the spinor 
legs are amputed. 

Indeed, by putting d = I and A = D — 1 in Eqs. ([29]) and fl35l) and taking the difference, 
we obtain 

d D x 1 d D x 2 Sj 1 (x 4: i) {C^ D ~ x {x 1 x 2 x s ) - C 2 ^ D ~ l (xix 2 x 3 )) Sj 1 (x 25 ) 

n- D [r(d + i)] 2 r(^^i)r(^f^) 



n 2 [r(f _d + i)]2r(2±f±3)r(d-i; 

D-d,D-d,D-l/ \ n D-d,D-d,D-\, 



x [C lfM ' ' (x 4 x 5 x 3 ) - C 2fJi ' ' (£4X5X3)] . (38) 
This serves as a check on the coefficients obtained in Eqs. (129]) and (135]) . 

9 Vector leg amputation in Cf^fa 1X2X3) and (x\XqX->, 

The vector field two-point function and its inverse are given by 

r 9nv[x X2 ) 



D^{x 12 ) = N- 



n -u s *~ D A T(A - 1)T(D - A + 1) g^(x 12 ) 

N D-A-l r(f-A)r(A-f) (x? 2 ) D - A ' 1 ' 

They satisfy 

J d D x 2 D IM/ (x 12 )D^(x 23 ) = J d D x 2 D~l(x 12 )D vp {x 23 ) = 5^ D \x l3 ) . (40) 

The amputation equations are 

J d D x 3 Cf'i' A {x lX2 x 3 ) D^(x u ) = F'(d, I, A) x ((£> - A - 1)C 1 ^' D - A (x 1 x 2 x 4 ) 

+ (2A- J D)C 2 ^ D - A (x 1 x 2 x 4 )), (41) 

which is obtained by using Eq. (fTBl) . and 

| d D x 3 Cii A { Xl x 2 x 3 ) D~l(x u ) = F'(d, I, A) x (A - l)C 2 ^' D ' A (x 1 x 2 x 4 ) , (42) 
which is obtained by using Eq. (1721) . Here the coefficient F'(d, I, A) is given by 

-D/2 A TV A _ l)Y( D-d+l- A+1 \ T ( D-l+d-A+l \ 

F'(rl 1 W = - — 1— ' : 2 l-A 2 / / 4 o\ 

l '' J iv D-A-i r(f - A)r( d -'+ A+1 )r( '- d + A+1 ) ' 1 j 
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10 Conclusion 



The previous works in the literature on conformal scalar field theory and Yukawa theory 
have been extended by us to the next complicated case of the theory of spinors and vector 
fields in two ways. We have performed amputation of the external legs of the spinor- 
spinor-vector Green function, and secondly, we have derived a new star-triangle relation 
involving these fields. Our results for amputation will be useful for conformal partial wave 
expansion, and the star-triangle relation will be useful for Feynman diagram calculation, in 
any conformal theory involving spinors and vector fields. 
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Appendices 

A Inverse of two-point function 

The inverses of the two-point functions are given in Eqs. (OQ), (jHJ) and ( 1391) . Once we settle for 
a value of N in any of these equations, the coefficient of the inverse two-point function gets 
fixed by an integral like / d D x 2 Xi£ dx 23 ^ (this is for the scalar field). In this Appendix, 
we indicate how such integrals can be evaluated. 
For the scalar field, we have 

f D 1 1 f D (s 1 |p- 2(g/2 - <0 |s 2 ) (x 2 \p-^ d - D ^\x 3 ) 

J x\i ~ J X2 a(D/2 - d) a(d - D/2) ' 1 ' 

using (x\p~ 2a \y) = a(a)\x — y\~( D ~ 2a \ with a(a) given in the Appendix of Ref. [16] . Using 
/ d D X2 | £2) (^2 1 = 1, we can then evaluate the right-hand side of Eq. (jUj). 

For the spinor field, we can similarly evaluate / d D x 2 (^12 / xl 2 +1 )(^t 2 3/ x^ d ^ +1 ) by using 
the expression for (x\pip~ 2a \y) given in the Appendix of Ref. [16]. Finally, for the vector 

field we need to evaluate the integral / dPx 2 (g '^(^12) I ' x i2)(9vp( x 23) / '^23° A '*)- Here the 
method is to use Eq. (1221) . and convert this integral to a differential operator acting on the 
integral given in Eq. 



B General treatment of amputation of spinor leg and 
vector leg 

For completeness, we demonstrate in this Appendix that amputation replaces a field by its 
its conformal partner in a Green function. The demonstration for scalar field is to be found 
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in Ref. Here we consider the spinor field and the vector field, using the specific case of 
the three-point function. 

We want to show that (compare with Eq. (j4j) for the scalar field) 

(Mx 4 )Mx 2 )^(x 3 )} = J d D x x S d \x 4 - Xl )(Mxi)Mx2)^(x 3 )} (45) 

is a three-point function with dimensions D — d, I and A for the three fields. For this, 
we need to check that it satisfies the invariance condition for the three-point function with 
these scale dimensions under conformal inversion and under scale transformation. 

Let us consider first conformal inversion: x M — > Rx^ = x^/x 2 . Under this operation, 
the various (Euclidean) fields transform as [3] 

^d( X ) = (3.2)1-1/2 MRX), ^(x) = $ t (Rx) ^ 2 y +1/2 , (46) 



V>) = J^K^R*)- (47) 
So the invariance condition (ilj d (xi)t(ji(x2)^ (x 3 )) = (i/j' d (xi)^' l (x 2 )^'^ (x 3 )) implies that 



(M*i)1nM*iW) = M)w/?d)i+vaM)A h(MR^)U^2)^{Rx^))h ■ (48) 

Similarly, the condition (^(^1)^(^2)) = {'4>d( x i)i } ' 'd(x 2 )) implies that 

S d \x 4 - xi) = 2 2 1 n faS d l (Rx± - Rxjfa , (49) 

since S^ 1 is the two-point function of a spinor of dimension D — d (see Eq. (JSJ). We insert 
Eqs. ( j48l) and ( 1491) on the right-hand side of Eq. ( 1451) . and then let xi — > Rx\ (so x^ — > l/x\ 
and <i D xi — >■ d D x\ (x\)~ D ). Comparing the resulting expression with Eq. (14"51) again, we get 

(Mx 4 )Mx 2 )^(x 3 )) = 2 , D _ d /j; ( {x 2 L /2( 2 ,j Sd(R^)MRx2)^(Rx 3 ))f 2 . (50) 

[X4) ' \x 2 ) ' \x 3 ) 

Comparing this with Eq. (H5|l leads to the desired conclusion. 

For the scale transformation x M — > Ax^, we proceed along similar lines, using ip' d {x) = 
\ d ipd(^x), 4>'i(x) = \ l ipi(\x), and $'^(x) = A A $^(Ax). Amputation of ^ can be handled 
similarly. 

For amputation of the vector leg, we have to show that 

(Mxi)$ifa)*vM) = J d D x 3 (Mxi)Mx 2 )^(x 3 ))D^(x u ) (51) 

is a three-point function with dimensions d, I and D — A for the three fields. The condition 
($ A (xi)$ A (x 2 ) = (^(Xi)^ (x 2 )) implies that 

^(-34 = D ~^ RX ^ (52) 

since is the two-point function of a vector field of dimension D — A. We insert Eqs. 
( l4"8"j) and (1521) in the right-hand side of Eq. (f5Tj) . then let x 3 — > Rx 3 and follow the procedure 
adopted for ip d . 
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C Conformal invariance of structures obtained by am- 
puting one spinor leg 

In this Appendix, we directly check that the structures obtained by amputing one spinor 
leg in C*i M are indeed conformal invariant, albeit non-standard, structures. Amputing 
only ipd(xi) in C^'' (xix 2 x 3 ) by using Sj 1 (xn) (see Sec. [6]), we obtain the structure 
(fa2/x^ d+l -^ +l )^(g^(x 2 z)]xii l+ ^- D )(l/x^~ d - l+A ). This should be a conformal invari- 
ant structure for (ipD-d( x 4)i J i(%2)&f?(%3)) ■ Equivalently, 

^d+l-A+1 < v J-d+A „d-l+A y 00 ' 
x 12 x 23 x 13 

should be a conformal invariant structure for (^(^1)^1(^2)^ (^3))- 

Our aim is to check the invariance condition expressed in Eq. (148]) for this structure. 
This amounts to showing that the expression (1531) equals the expression 

1p9up(RX2A)fa (54) 

(where we used Rx\ 2 = ^12/ ( l^i 1 l x 2|))- The equality of the two expressions can be shown by 
using g up (RX23) = gux(x 3 ) 9x^23) g_K P (x2) , gpv(x 3 )g u \(x 3 ) = 5^, and "f p g Kp {x2) = -falnfe/xl- 
Similarly, by amputing only ifti in Ci^' A (xiX 2 x 3 ) we get another conformal- invariant 




structure for (ipd(xi)ipi(x 2 )^(x 3 ), namely, 

g^jxis) h2 1 

I" ^d-l+A d+l-A+1 J-d+A ■ 
x 13 x 12 x 23 

The structures ( 153|) and (155]) . being products of even number of gamma matrices, are 
independent of C\ p and C 2/Lt , which are products of odd number of gamma matrices. The 
former are, however, not invariant under interchange of the two fermions and simultaneous 
hermitian conjugation. But they are valid structures if the two fermions in the Green 
function are not identical. 

By amputing one spinor leg in C 2p also, we get non-standard structures, which are more 
complicated than the two structures (1531) and (155]) . 



D Some steps in the derivation of the star-triangle 
relation of Sec. \5 

Here we show how to express T M as given by Eqs. (120]) . (T2T]) and (123]) in the u qpq" form, 
and arrive at Eq. (T2"5"]) . For rj^ ng , we follow Sec. 4 of Ref. [16J. Thus, we write 

gy 

(x\r l r\y) = -^W\y), (56) 

T' = 1x1,1 P VxV - 2a -%q -^^p . (57) 
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In going from ll pqp" to the Ll qpq" form, the essential idea is to move g M (or p M ) through 
powers of p 2 (or q 2 ) by using [g M ,p 2Q ] = i2ap 2a ~ 2 p fl (or [p M ,g 2a ] = —i2aq 2a ~ 2 q fJj ), so that 
one can use the key relation 

p-2a~-2(a+i3)p-2/3 _ * -2/3 p -2(a+0) « -2a ^ 

at an intermediate stage. Eq. (]58j) is the star-triangle relation of Eq. (169]) in the operator 
form. We thus follow the steps in Eqs. (19)-(23) of Ref. [16]. In the present case, this leads 
to 

r' = ^q-^p-^+^q- 20 - 1 ^ + i2PWu%r 2p - 2 qxp- 2{a+ ®-%r 2a -% 
+z(D -2a -2(3- l)j\q ~~ 2/3 p ~ 2<ya+ ^~ l p\q ~ 2a ~ 1 

-2p(D -2a -2(3- l) lx q - 2(3 ' 2 q x p ~ 2 ( a +^q ~ 2 ^ . (59) 



Then we use the various position space matrix elements listed in the Appendix of Ref. [16 
to arrive at 



7r O/222a+2^-i r ( a + /3 + 1 / 2 ) 



(D/2 -(3- \)x 2 j - {D/2 -a- l/fyfy + 2(3x ■ y£ 

X x 2/3+2^ x _ y\D-2a-2/3+ly2a+l ' ^ ' 

For rj£, given in Eq. fl2T]) . we follow Sec. 2 of Ref. [17] . and first split it into two parts: 

ptr = ptr(l) + r tr(2) ? ( gl ) 

= 2 lx p,p- 2 «-%q- 2{a+ " ] - l p~ W V»^ (62) 

T? 2) = -Ixl^Pxp-^r^-'p- 2 ^ (63) 

with Vfj, v = 5^ u — p^puP~ 2 - Following the steps in Eqs. (6)-(12) of Ref. [IT], we have 

rjW = 2 7A (g- 2/3 + ^2^ A g- 2 ^ 2 ) ] 5- 2 ^)- 1 g- 2a - 1 ^^ (64) 
T? 2) = {~l\lplvQ(A ~ 2 ^P\P ~ 2( - a+ ^~ 1 q ~ 2a_1 

+, (jD _ 2a - 2(3 - l) lv q- 2P p- 2{a+P) - l q~ 2a ~ l )V,v . (65) 



These equations give 

kiptr^v = »r(D/2-q-/? + l/2) 
\ I n D / 2 2 2a + 2 ' 3 - 1 r{a + (3 + 1/2) 

X I ^ (d 2 ) y ) x 2/3+2\ x _ y\D-2a-2/3+ly2a+l ' V ' 

Now we can put Eqs. (156]) . (160]) and (166]) together to obtain an expression for the position 
space matrix element of of Eq. (]23l . v4 crucial step is to perform d y v in Eq. IfUh)) , so that 
9^/(9 2 ) ?/ in Eq. (166]) and in Eq. (156]) can be taken together. We then end up with 



dl (2a - 1)(D -2a- l)x 2 + 2(3{(D -2(3- 2)y 2 - 2{2a - l)x ■ y) 

jQ2~jy | T _ y\D-2a-2f3+ly2a+l 



(67) 
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in the expression for (x|r M |y). Now we use the relation 

,g2\ y 1 _ n(n — D + 2)x 2 + (m + n — D + 2)((m + n)y 2 — 2nx ■ y) 

The expression ( IBTl) is therefore equal to <9^(l/(|a; — yl- 0-20-2 ^ -1 ?/ 20-1 )). Note that the 
conformal invariant propagator g^(x)/r D ~ 2f3 ensures that T 1 * and T l ° ns are added in the 
precise proportion so that l/(d 2 ) y can be taken care of. After this, it is straightforward to 
arrive at Eq. ( l25l) . 



E Some important relations 

The star-triangle relation involving scalar fields is given by [131 EH] 

d D x,(x 2 )^(x 2 )- s Hx 2 )^ - 7r D,2 nD/2-S 1 )T(D/2-6 2 )T(D/2-6 3 ) 

x(^ 2 )- D/2+53 (x? 3 )- D/2+52 (^ 3 )^ /2+51 , (69) 

where 

Si + S 2 + 5 3 = D . (70) 

The star-triangle relation for the Yukawa theory, involving two spinors and one vector field, 
is given by [H CEJ EH] 



J d D X4 



fl4 $42 1 



D/2 T(D/2 -51 + l/2)T(D/2 -8 2 + l/2)T(D/2 - 5 3 ) 
+ l/2)r(«J 2 + 1/2)V(5 3 ) 

x 1 f 7 n 

(xf 3 ) D / 2 -^+l/2 ( x 2 3 )D/2-5 1+ l/2 ( x 2 2 )D/2-8 3 ^ ' 

where Eq. (ITUj) holds again. An analogous relation involving two scalars and one vector 
field is [TJ 

J d D x 4 (x 2 u )- 5 ^x 2 24 )' h (x 2 34 )-^g^(x u )X^(x 2 x 3 ) 

D/2 (D _r S(D/2-5 1 )T(D/2-5 2 )T(D/2-5 3 ) 
71 1 1 1 T(8 1 + 1)T(8 2 + 1)T(8 3 + 1) 

x(a;? 2 )- D/2 ^ +1 (^3)- Z?/2+52+1 (^3)- D/2+5l A-(^^3) (72) 
where 5i + 6 2 + S 3 — D — 1. Eq. f!72|) can be obtained by using the identity [1] 

2 2 

g^(x 14 )\l\x 2 x 3 ) = ^f\^{x 2 x 4 ) - ^f\^{x 3 x 4 ) (73) 
x 24 x 34 
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and the relation [T] 

D/2 T{D/2 - 5 1 )T(D/2 - 5 2 + l)T(D/2 - 6 3 ) 
T(5 1 + 1)V(6 2 )T(5 3 ) 

x(^ 2 )- D / 2+a3 (^3)- D/2+52 (^a)- D/2+ai A-(x 2 x 3 ) . (74) 

where Eq. ([TP]) holds. Eq. (fT4|) . in turn, follows from Eq. (1691) . 
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